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Abstrat
The XY model (s = 1/2) on the one-dimensional alternating superlattie (losed hain) is
solved exatly by using a generalized Jordan-Wigner transformation and the Green funtion
method. Closed expressions are obtained for the exitation spetrum, the internal energy, the
spei heat, the average magnetization per site, the stati suseptibility, χzz,and the two-spin
orrelation funtion in the eld diretion at arbitrary temperature. At T = 0, it is shown that
the system presents multiple seond order phase transitions indued by the transverse eld,
whih are assoiated to the zero energy mode with wave number equal to 0 or pi. It is also
shown that the average magnetization as a funtion of the eld presents, alternately, regions
of plateaux (disordered phases) and regions of variable magnetization (ordered phases). The
stati orrelation funtion presents an osillating behaviour in the ordered phase and its period
goes to innity at the ritial point.
1 Introdution
The experimental development of magneti superlatties, by using moleular beam epitaxy teh-
nique [1-3℄, has inreased the interest in the study of these systems. Although they are three-
dimensional systems, there is a predominane of the one-dimensional behaviour in their proper-
ties, and this is the main reason for studying one-dimensional superlatties. Therefore, interest
has been onsiderably inreased in the study of spin systems on these latties.
Among the spin systems the XY-model (s=1/2), introdued by Lieb et al. [4℄, oupies a
speial plae, sine it an be solved exatly for the homogenous lattie. Although almost all
stati and dynamial properties are known for the model on the homogeneous lattie (see [5℄ and
referenes therein), the known results for non-homogeneous periodi one-dimensional systems are
restrited to the alternating hain [6-8℄ and to the exitation spetrum of the general alternating
superlattie [9℄, and its ritial behaviour, whih has been obtained by using the position spae
renormalization group approah [10℄.
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In this paper we onsider the isotropi XY-model in a transverse eld on the one-dimensional
alternating superlattie (losed hain). We solve the model by introduing a generalized Jordan-
Wigner transformation [9℄ and by using the Green funtion equation of motion tenhique.
In setion 2 we determine the relevant Green funtions and present a detailed disusssion of
the exitation spetrum. In setion 3 we obtain the internal energy and the spei heat. The
indued magnetization is studied in setion 4, and in setion 5 we alulate the two-spin orrelation
funtion. Finally, in setion 6, we summarize the results and present the main onlusions.
2 The Exitation Spetrum
The superlattie that we are going to onsider onsists of ells omposed of two subells A and B
with nA and nB sites, respetively. The l-th unit ell is shown in Fig. 1. The distane s between
two onseutive sites is taken as unity.
If we assume periodi boundary onditions for a hain with N ells, the Hamiltonian of the
XY model [4℄ an be written in the form
H = −1
2
N∑
l=1
{
nA−1∑
m=1
JAS
A+
l,mS
A−
l,m+1 +
nB−1∑
m=1
JBS
B+
l,mS
B−
l,m+1+
+ J
(
SA
+
l,nA
SB
−
l,1 + S
B+
l,nB
SA
−
l+1,1
)
+ h.c.+
+
nA∑
m=1
2hAS
AZ
l,m +
nB∑
m=1
2hBS
BZ
l,m
}
(1)
where l identies the ell, S± = Sx ± iSy, J is the exhange parameter between spins at the
interfaes, JA(JB) the exhange parameter between spins within the subell A(B), and hA(hB)
is the transverse eld within the subell A(B). The spin operators an be expressed in terms of
fermion operators using the generalized Jordan-Wigner transformation [9℄ and, by introduing this
transformation, the Hamiltonian an be written in the form
H = −1
2
N∑
l=1
{
nA−1∑
m=1
JAa
†
l,mal,m+1 +
nB−1∑
m=1
JBb
†
l,mbl,m+1+
+ J
(
a†l,nAbl,1 + b
†
l,nB
al+1,1
)
+ h.c.+
+
nA∑
m=1
2hA
(
a†l,mal,m − 1
)
+
nB∑
m=1
2hB
(
b†l,mbl,m − 1
)}
+Φ, (2)
where a's and b's are fermion operators, and Φ, given by
Φ =
J
2
(
b†N,nBa1,1 + h.c.
)
exp
[
ipi
(
N∑
l=1
nA∑
r=1
a†l,ral,r +
N∑
l=1
nB∑
r=1
b†l,rbl,r
)]
, (3)
is a boundary term whih will be negleted. As it has been shown [11℄, this boundary term, in the
2
thermodynami limit, does not aet the exitation spetrum, the stati properties of the system
nor the dynami orrelation funtion in the eld diretion. Introduing the Fourier transforms [9℄,
aQk1 =
√
2
N (nA + 1)
∑
l,m
exp (iQdl) sin (mk1) al,m, (4)
bQk2 =
√
2
N (nB + 1)
∑
l,m
exp (iQdl) sin (mk2) bl,m, (5)
where k1 = n1pi/ (nA + 1) , n1 = 1, 2, . . . , nA, k2 = n2pi/ (nB + 1) , n2 = 1, 2, . . . , nB, Q = 2pin/N,
n = 1, 2, . . . , N, d = nA + nB is the size of the ell, the Hamiltonian an be written as
H =
∑
Q
HQ +N
(
nAhA + nBhB
2
)
(6)
where HQ is given by
HQ =
∑
k1
EAk1a
†
Qk1
aQk1 +
∑
k2
EBk2b
†
Qk2
bQk2 +
− J√
(nA + 1)(nB + 1)
∑
k1,k2
{[sin (k1nA) sin k2
+ sin (k2nB) sink1 exp(iQd)a
†
Qk1
bQk2
]
+ h.c.
}
, (7)
with E
A(B)
k1(2)
= −JA(B) cos k1(2) − hA(B).
As in the study of the exitation spetrum [9℄ we will solve the model by using the Green
funtion method [12℄. Adopting the notation 〈〈ℜ1(t);ℜ2(0)〉〉r for the retarded antiommutator
funtion, where ℜ1 and ℜ2 are arbitrary operators, and introduing the time Fourier transform
dened as
〈〈ℜ1(t);ℜ2(0)〉〉r =
1
2pi
∫ ∞
−∞
〈〈ℜ1;ℜ2〉〉 exp (−iωt)dω, (8)
we an write the equation of motion for the Green funtion ≪ aQk1 ; a†Q′k′1 ≫ in the form [12℄〈〈
aQk1 ; a
†
Q′k′1
〉〉
= δk1k′1
(
ω − EAk1
)−1
+
− J
(
ω − EAk1
)−1√
(nA + 1)(nB + 1)
∑
k2
[sink2 sin (nAk1) +
+ (iQd) sin k1 sin (nBk2)]
〈〈
bQk2 ; a
†
Q′k′1
〉〉
, (9)
where we have assumed ℏ = 1.
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Likewise we an write for ≪ bQk2 ; a†Q′k1 ≫ the result
〈〈
bQk2 ; a
†
Q′k1
〉〉
= − J
(
ω − EBk2
)−1√
(nA + 1)(nB + 1)
∑
k′1
[sin k2 sin (nAk
′
1) +
+ exp (−iQd) sin k′1 sin (nBk2)]
〈〈
aQk′1 ; a
†
Q′k1
〉〉
. (10)
Eqs. (11) and (12) onstitute a losed set whih an be easily solved by introduing the
operators AQ,n and BQ,n dened by
AQ,n =
√
2
nA + 1
∑
k1
sin (nk1) aQk1 , (11)
BQ,n =
√
2
nB + 1
∑
k2
sin (nk2) bQk2 (12)
Therefore by eliminating the funtion≪ bQk2 ; a†Q′k′1 ≫ from eqs.(11) and (12) and introduing
the operator AQ,n we an nd the result
〈〈
AQ,m;A
†
Q′,n
〉〉
=
2
J
√
nB + 1
nA + 1
fAm,n (ω) δQ,Q′ +
+
[
fB1,1 (ω) f
A
m,nA
(ω) + exp (iQd) fB1,nB (ω) f
A
m,1 (ω)
] 〈〈
AQ,nA ;A
†
Q′,n
〉〉
+
+
[
fB1,1 (ω) f
A
m,1 (ω) + exp (−iQd) fB1,nB (ω) fAm,nA (ω)
] 〈〈
AQ,1;A
†
Q′,n
〉〉
(13)
where
fAm,n (ω) ≡
J√
(nA + 1) (nB + 1)
∑
k1
sin (mk1) sin (nk1)
ω − EAk1
, (14)
fBm,n (ω) ≡
J√
(nA + 1) (nB + 1)
∑
k2
sin (mk2) sin (nk2)
ω − EBk2
. (15)
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From eq. (15) we an nd immediately that ≪ AQ,m;A†Q′,n ≫ is given by
〈〈
AQ,m;A
†
Q′,n
〉〉
=
2
J
√
nB + 1
nA + 1
δQ,Q′
{
fAm,n (ω) +
1
RQ (ω)
×
× {[fB1,1 (ω) fAm,nA (ω) + exp (iQd) fB1,nB (ω) fAm,1 (ω)] ×
× [fA1,n (ω) (fA1,nA (ω) fB1,1 (ω) + fA1,1 (ω) fB1,nB (ω) exp (−iQd)) +
+ fAn,nA (ω)
(
1− fA1,1 (ω) fB1,1 (ω)− fA1,nA (ω) fB1,nB (ω) exp (−iQd)
)]
+
+
[
fB1,1 (ω) f
A
m,1 (ω) + exp (−iQd) fB1,nB (ω) fAm,nA (ω)
]×
× [fAn,nA (ω) (fA1,nA (ω) fB1,1 (ω) + fA1,1 (ω) fB1,nB (ω) exp (iQd)) +
+ fA1,n (ω)
(
1− fA1,1 (ω) fB1,1 (ω)− fA1,nA (ω) fB1,nB (ω) exp (iQd)
)]}}
.
(16)
The details of the alulation an be found in ref. [13℄.
By a similar proedure we an write the set of equations
〈〈
bQk2 ; b
†
Q′k′2
〉〉
= δk2k′2
(
ω − EBk2
)−1
+
− J
(
ω − EBk2
)−1√
(nA + 1)(nB + 1)
∑
k1
[sin k2 sin (nAk1) +
+ exp (−iQd) sin k1 sin (nBk2)]
〈〈
aQk1 ; b
†
Q′k′2
〉〉
, (17)
〈〈
aQk1 ; b
†
Q′k′2
〉〉
= − J
(
ω − EAk1
)−1√
(nA + 1)(nB + 1)
∑
k2
[sin k2 sin (nAk1) +
+ exp (iQd) sin k1 sin (nBk2)]
〈〈
bQk2 ; b
†
Q′k′2
〉〉
, (18)
whih an be solved by eliminating the funtion ≪ aQk1 ; b†Q′k′2 ≫ in the previous equation and by
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introduing the operator BQ,n.This proedure leads to the set of equations
〈〈
BQ,m;B
†
Q′,n
〉〉
=
2
J
√
nA + 1
nB + 1
fBm,n (ω) δQ,Q′ +
+
[
fA1,1 (ω) f
B
m,nB
(ω) + exp (iQd) fA1,nA (ω) f
B
m,1 (ω)
] 〈〈
BQ,nB ;B
†
Q′,n
〉〉
+
+
[
fA1,1 (ω) f
B
m,1 (ω) + exp (−iQd) fA1,nA (ω) fBm,nB (ω)
] 〈〈
BQ,1;B
†
Q′,n
〉〉
,
(19)
and, as we an see, it an be obtained from eq. (15 ), provided we make the substitution A→B
and B→A. Therefore ≪ BQ,m;B†Q′,n ≫ is obtained from eq. (18) by introduing the previous
transformation.
The exitation spetrum is given by the poles of ≪ AQ,m;A†Q′,n ≫, or ≪ BQ,m;B†Q′,n ≫, and
orresponds to the solution of the equation RQ (ω) = 0, whih is expliitly given by [9℄
1 − 2fA1,nA (ω) fB1,nB (ω) cos (Qd)− 2fA1,1 (ω) fB1,1 (ω) +
+
[(
fA1,1 (ω)
)2 − (fA1,nA (ω))2] [(fB1,1 (ω))2 − (fB1,nB (ω))2] = 0. (20)
As mentioned in our previous paper [9℄, it should be noted that the values ω = EAk1 and
ω = EBk2 are not poles of ≪ AQ,m;A
†
Q′,n ≫, sine in this limit the funtion is nite. Therefore, as
expeted, the spetrum of eah subell does not oinide with spetrum of the superlattie, and
ontains nA + nB branhes [9℄.
The general solution of this equation is determined numerially, although analytial solutions
an be found for some speial ases. For instane for nA = nB = 2, hA = hB = h, we an express
expliitly the solution in the form
ωQ = −h± 1√
2
√
c±
√
g (Qd), (21)
where
c ≡ J
2
2
+
1
4
(
J2A + J
2
B
)
, (22)
g (Qd) ≡ 1
2
J2JAJB cos (Qd) +
J2
4
(
J2A + J
2
B
)
+
1
16
(
J2A − J2B
)2
, (23)
whih for JA = JB reprodues the known results [6,7℄.
In the homogeneous medium limit, the spetrum obtained from the eq. (22) presents nA+nB
branhes, whih orrespond to a (nA + nB − 1)-folding of the spetrum. As an example of this
limit we present in Fig. 2 the exitation spetrum for nA = 2, nB = 3, JA = JB = J = 1 and
hA = hB = 2.
For zero eld and nA + nB odd, there is a zero energy mode with wave number dierent from
zero, as shown in Fig. 3 for nA = 2, nB = 3, JA = 2, JB = 3 and J = 1. On the other hand,
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for nA + nB even this mode is not present, and for eah wave number Q there are symmetrial
solutions +ωQ and −ωQ, as an be seen in Fig. 4 for nA = nB = 4, JA = 0.3, JB = 3 and J = 1.
As it has already been shown [14℄, the eet of a homogeneous eld, hA = hB = h,is to shift
the zero eld spetrum. This an also be shown diretly from eq. (22) and, onsequently, the
existene of a mode of zero energy will depend on the strength of the eld.
As we an also see in Fig. 4, the extreme bands of the spetrum are very narrow, and this is
related to the dierene between the exhange parameters of subells A and B. As the dierene
between the parameters of the media A andB dereases, the dispersion inreases, and the gaps tend
to zero. This is the expeted behaviour, sine we have a maximum dispersion in the homogeneous
limit, as shown in Fig. 2. In all ases presented the number of branhes is equal to the number of
sites per ell.
Again, we note that the spetrum an also be alulated exatly by using the position spae
renormalization group approah [10℄, and approximately by using a transfer matrix method [15℄.
Although the latter is an approximate method, we have shown that it reprodues numerially the
exat result [5,8℄.
3 The Internal Energy and the Spei Heat
The operator HQ dened in eq. (9) an be written in terms of operators AQ,n and BQ,n in the
form
HQ =
2
nA + 1
∑
k1
EAk1
[
nA∑
n=1
sin (nk1)A
†
Q,n
][
nA∑
n=1
sin (nk1)AQ,n
]
+
+
2
nB + 1
∑
k2
EBk2
[
nB∑
n=1
sin (nk2)B
†
Q,n
][
nB∑
n=1
sin (nk2)BQ,n
]
+
− J
2
[
A†Q,nABQ,1 + exp (iQd)A
†
Q,1BQ,nB + h.c.
]
. (24)
From this equation we an see that the internal energy, 〈H〉 =∑Q 〈HQ〉, an be alulated from
the Green funtion GQ (ω) given by
GQ (ω) = G1Q (ω) +G2Q (ω) +G3Q (ω) , (25)
where
7
G1Q (ω) =
2
nA + 1
∑
k1
EAk1
[
nA∑
m=1
nA∑
n=1
sin (mk1) sin (nk1)
〈〈
AQ,m;A
†
Q,n
〉〉]
(26)
G2Q (ω) =
2
nB + 1
∑
k2
EBk2
[
nB∑
m=1
nB∑
n=1
sin (mk2) sin (nk2)
〈〈
BQ,m;B
†
Q,n
〉〉]
(27)
G3Q (ω) = −J
2
[〈〈
BQ1;A
†
Q,nA
〉〉
+ exp (iQd)
〈〈
BQnB ;A
†
Q,1
〉〉
+
+
〈〈
AQnA ;B
†
Q,1
〉〉
+ exp (−iQd)
〈〈
AQ1;B
†
Q,nB
〉〉]
. (28)
The Green funtions≪ BQ1;A†Q,nA ≫,≪ BQnB ;A
†
Q,1 ≫,≪ AQnA ;B†Q,1 ≫ and≪ AQ1;B†Q,nB ≫
an, with the aid of eqs. (11-14) and (19,20), be written in terms of the funtions≪ AQ,m;A†Q′,n ≫
and ≪ BQ,m;B†Q′,n ≫, and are given by
〈〈
AQ,1;B
†
Q′,nB
〉〉
= −
√
nB + 1
nA + 1
[
fA1,nA (ω)
〈〈
BQ,1;B
†
Q′,nB
〉〉
+
+ exp (iQd) fA1,1 (ω)
〈〈
BQ,nB ;B
†
Q′,nB
〉〉]
, (29)
〈〈
AQ,nA ;B
†
Q′,1
〉〉
= −
√
nB + 1
nA + 1
[
fA1,1 (ω)
〈〈
BQ,1;B
†
Q′,1
〉〉
+
+ exp (iQd) fA1,nA (ω)
〈〈
BQ,nB ;B
†
Q′,1
〉〉]
, (30)
〈〈
BQ,nB ;A
†
Q′,1
〉〉
= −
√
nA + 1
nB + 1
[
fB1,nB (ω)
〈〈
AQ,nA ;A
†
Q′,1
〉〉
+
+ exp (−iQd) fB1,1 (ω)
〈〈
AQ,1;A
†
Q′,1
〉〉]
, (31)
〈〈
BQ1;A
†
Q′,nA
〉〉
= −
√
nA + 1
nB + 1
[
fB1,1 (ω)
〈〈
AQ,nA ;A
†
Q′,nA
〉〉
+
+ exp (−iQd) fB1,nB (ω)
〈〈
AQ,1;A
†
Q′,nA
〉〉]
. (32)
Then by using eqs. (18), and (31-34) in eqs. (28-29) we obtain the Green funtions, G1Q (ω) ,
8
G2Q (ω) and G3Q (ω) , whih are given by [13℄
G1Q (ω) =
∑
k1
EAk1(
ω − EAk1
) + Jc
RQ (ω)
∑
k1
EAk1(
ω − EAk1
)2
×
{
sin2 k1
[
fB1,1 (ω)− fA1,1 (ω)
((
fB1,1 (ω)
)2 − (fB1,nB (ω))2)]+
+ sin k1 sin (nAk1)
[
fB1,nB (ω) cos (Qd)+
+ fA1,nA (ω)
((
fB1,1 (ω)
)2 − (fB1,nB (ω))2)]} , (33)
G3Q (ω) =
2
RQ (ω)
{
1−RQ (ω)−
[(
fA1,1 (ω)
)2 − (fA1,nA (ω))2]
×
[(
fB1,1 (ω)
)2 − (fB1,nB (ω))2]} , (34)
and G2Q (ω) an be obtained from G1Q (ω) by introduing the transformations k1 → k2, A → B
and B → A. From these results we an show that the expression for GQ (ω) has the form
GQ (ω) =
1
RQ (ω)
[G (fA1,1 (ω) , fA1,nA (ω) , fB1,1 (ω) , fB1,nB (ω))] . (35)
Then, the internal energy, 〈H〉 =∑Q 〈HQ〉 , an be obtained from the expression [7℄
〈H〉 = 1
pi
∑
Q
∞∫
−∞
Im (GQ (ω))
eβω + 1
dω, (36)
where, as usual, β = 1/kBT.
By using the Dira identity
1
x− x0 ± iε ≡ P
(
1
x− x0
)
∓ ipiδ (x− x0) , (37)
we an show immediately that Im (GQ (ω)) an be written in the form
Im (GQ (ω)) =
∑
r
FQ,rδ (ω − ωQ,r) , (38)
where
FQ,r =
RQ (ωQ,r)GQ (ωQ,r)
R′Q (ωQ,r)
, (39)
where r labels the branhes of the spetrum and R′Q (ω) is equal to dRQ (ω) /dω.
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The spei heat is obtained from eq. (38) and an be written in the form
C =
1
N
d 〈H〉
dT
=
kBβ
2
Npi
∑
Q
∞∫
−∞
ωeβωIm (GQ (ω))
(eβω + 1)
2 dω. (40)
The behaviour of the internal energy as a funtion of temperature does not present any re-
markable dierene as we hange the superlattie parameters. A typial result is shown in Fig. 5
where the internal energy is shown as a funtion of temperature T ∗(T ∗ ≡ kBT ) for nA = nB = 10,
JA = 2, JB = 3, J = 1, hA = hB = 1.5.
On the other hand, the behaviour of the spei heat as a funtion of temperature is very
suseptible to these parameters. It an present a single peak or a double peak, as it an be
seen in Figs. 6 and 7. This important feature, namely, the appearane of the double peak, is a
onsequene of the paking of the branhes of the exitation spetrum, whih is strongly dependent
on the interation parameters. As we inrease the eld, we move the spetrum downwards and
this has the eet of suppressing one peak of the spei heat. This is shown in Fig. 8, where we
have used the same lattie parameters of Fig. 7, and a larger eld.
In Figs. 9 and 10 we present the low temperature behaviour of the spei heat shown in Figs.
7 and 8, respetively. For the results shown in Fig. 9, the exitation spetrum has a zero energy
mode ontrary to the ase shown in Fig. 10, where it is not present, as an be veried by using the
analytial solution presented in eq. (23). As expeted, the derivative of the spei heat, dC/dT ∗,
at T = 0, is equal to zero only when there is a zero mode energy in the spetrum.
4 The Indued Magnetization and the Suseptibility χ
zz
The loal indued magnetization whih orresponds to the average value of SA
z
j,m and S
Bz
j,m, is given
by
〈
SA
z
j,m
〉
=
〈
a†j,maj,m
〉
− 1
2
and
〈
SB
z
j,m
〉
=
〈
b†j,mbj,m
〉
− 1
2
, (41)
whih an be determined from the Green funtions ≪ aj,m; a†j,m ≫ and ≪ bj,m; b†j,m ≫, respe-
tively. In terms of the operators AQ,m and BQ,m these funtions an be written in the form
〈〈
aj,m; a
†
j,m
〉〉
=
1
N
∑
Q,Q′
exp [−i (Q−Q′) d]
〈〈
AQ,m;A
†
Q′,m
〉〉
(42)
and
〈〈
bj,m; b
†
j,m
〉〉
=
1
N
∑
Q,Q′
exp [−i (Q−Q′) d]
〈〈
BQ,m;B
†
Q′,m
〉〉
. (43)
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Then introduing in eq. (44) the funtion ≪ AQ,m;A†Q′,m ≫ , whih is given in eq. (18), we an
write ≪ aj,m; a†j,m ≫ in the form
〈〈
aj,m; a
†
j,m
〉〉
=
2
NJ
√
nB + 1
nA + 1
∑
Q
{
fAm,m (ω) +
+
1
RQ (ω)
[
fA1,m (ω) f
A
m,nA
(ω)
(
2fB1,nB (ω) cos(Qd) + 2f
A
1,nA (ω)
×
((
fB1,1 (ω)
)2 − (fB1,nB (ω))2))+ ((fA1,m (ω))2 − (fAm,nA (ω))2)
× (fB1,1 (ω) + fA1,1 (ω)) ((fB1,1 (ω))2 − (fB1,nB (ω))2)]} . (44)
The funtion ≪ bj,m; b†j,m ≫ is obtained from ≪ aj,m; a†j,m ≫ by introduing the transformations
fA → fB, fB → fA, nA → nB and nB → nA. From this result we an write
〈
a†j,maj,m
〉
=
1
pi
∫ ∞
−∞
Im
(〈〈
aj,m; a
†
j,m
〉〉)
eβω + 1
dω, (45)
whih, in the thermodynami limit, allows us to obtain
〈
SA
z
j,m
〉
from the equation
〈
SA
z
j,m
〉
= −1
2
+
1
2pi
∑
r
∫ 2pi
0
F (q, ωq,r, h)
(eβωq,r + 1)
dRQ(ω)
dω
∣∣
ωq,r
dq, (46)
where
F (q, ωq,r, h) =
2
J
√
nB + 1
nA + 1
{
fA1,m (ω) f
A
m,nA
(ω)
[
2fB1,nB (ω) cos(q) + 2f
A
1,nA (ω) ×
×
((
fB1,1 (ω)
)2 − (fB1,nB (ω))2)]+ ((fA1,m (ω))2 − (fAm,nA (ω))2)×
× (fB1,1 (ω) + fA1,1 (ω)) ((fB1,1 (ω))2 − (fB1,nB (ω))2)]} , (47)
and where q ≡ Qd . The loal indued magnetization in the subell B, 〈SBzj,m〉 ,is determined by
following the same proedure and by using the funtion ≪ bj,m; b†j,m ≫.
The average indued magnetization in the ell, 〈Szcel〉, is dened as
〈Szcel〉 =
1
N (nA + nB)
[
N∑
l=1
(
nA∑
m=1
〈
SA
z
l,m
〉
+
nB∑
m=1
〈
SB
z
l,m
〉)]
(48)
and from this expression, for the ase hA = hB ≡ h, we obtain suseptibility χzz, whih is given
by
χzz =
d
dh
〈Szcel〉 . (49)
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Figure 11 shows the average magnetization in the ell and the suseptibility as a funtion of
h at T = 0, for J = 1, JA = 2, JB = 3, hA = hB = h and nA = nB = 2. As an be seen, the
magnetization presents three plateaus whih are limited by four ritial elds, hc, whih orrespond
to the singular points of the suseptibility χzz (χzz → ∞ when h→ hc). These four singularities
orrespond to the modes of zero energy with wave number equal to 0 or pi, whih limit eah energy
band. For this ase, the ritial elds an be obtained exatly from eq. (23) and are given by
h1c =
5−√5
4
∼= 0.691,
h2c =
√
29− 1
4
∼= 1.096,
h3c =
√
29 + 1
4
∼= 1.596,
h4c =
√
5 + 5
4
∼= 1.809. (50)
It should be noted that the plateaus, where the suseptibility goes to zero, orrespond to the
gaps in the spetrum.
Figure 12 shows the average indued magnetization , at T = 0, for J = 1, JA = 2, JB = 3,
hA = hB = h and nA = 2, nB = 3, as a funtion of h. In this ase, sine the number of sites
per ell is odd, there is a zero energy mode even for h = 0, and onsequently there is no zero
magnetization plateaux as in the ase shown in Fig. 11. The ritial behaviour is, naturally, also
present when we have an inhomogeneous eld, hA = 1.25hB = h, and this is shown in Fig. 13 for
a larger unit ell, nA = 2, nB = 3.
In Fig. 14 we present the magnetization for nite temperature (βJ = 50) for the superlattie
onsidered in Fig. 13 with hA = hB = h. Although the entral regions of eah plateaux remain,
as expeted, the thermal utuations suppress the quantum transitions.
5 The Two-Spin Correlation Funtion in the Field Diretion
For sites in the subell A, for example, the two-spin stati orrelation funtion in the eld diretion
is dened by
〈
SA
z
j,mS
Az
j+r,n
〉
=
〈
a†j,maj,na
†
j+r,maj+r,n
〉
+
− 1
2
(〈
a†j,maj,m
〉
+
〈
a†j,naj,n
〉)
+
1
4
. (51)
The average value
〈
a†j,maj,na
†
j+r,maj+r,n
〉
an be obtained from the expression
〈
a†j,maj,na
†
j+r,maj+r,n
〉
=
1
pi
∫ ∞
−∞
Im
(〈〈
aj+r,n;a
†
j,maj,ma
†
j+r,n
〉〉)
eβω + 1
dω,
(52)
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where the Fourier transform of the Green funtion ≪ aj+r,n;a†j,maj,ma†j+r,n ≫, by using Wik`s
theorem, an be shown to be written in the form
〈〈
aj+r,n;a
†
j,maj,ma
†
j+r,n
〉〉
= δm,nδr,0
〈〈
aj+r,n;a
†
j,m
〉〉
+
+
〈
a†j,maj,m
〉〈〈
aj+r,n;a
†
j+r,n
〉〉
−
〈
a†j+r,naj,m
〉〈〈
aj+r,n;a
†
j,m
〉〉
. (53)
Then, the orrelation funtion
〈
SA
z
j,mS
Az
j+r,n
〉
an be obtained from the equation
〈
SA
z
j,mS
Az
j+r,n
〉
=
δm,nδr,0
pi
∫ ∞
−∞
Im
〈〈
aj+r,n;a
†
j,m
〉〉
eβω + 1
dω +
−
〈
a†j+r,naj,m
〉
pi
∫ ∞
−∞
Im
〈〈
aj+r,n;a
†
j,m
〉〉
eβω + 1
dω +
+
〈
a†j,maj,m
〉〈
aj+r,n;a
†
j+r,n
〉
+
− 1
2
(〈
a†j,maj,m
〉
+
〈
a†j,naj,n
〉)
+
1
4
. (54)
The Green funtion ≪ aj+r,n; a†j,m ≫ an be obtained by using eqs. (6), (13) and (18), and is
given by [13℄
〈〈
aj+r,n; a
†
j,m
〉〉
=
2
NJ
√
nB + 1
nA + 1
∑
Q
exp (−iqr){fAm,n (ω) +
+
1
RQ (ω)
{((
fB1,nB (ω)
)2 − (fB1,1 (ω))2) ×
× [fAm,nA (ω) fAn,nA (ω) fA1,1 (ω)− fAm,nA (ω) fA1,n (ω) fA1,nA (ω) +
+ fA1,m (ω) f
A
1,n (ω) f
A
1,1 (ω)− fA1,m (ω) fAn,nA (ω) fA1,nA (ω)
]
+
+ fB1,nB (ω)
[
fA1,n (ω) f
A
m,nA
(ω) exp (iq) + fAn,nA (ω) f
A
1,m (ω) exp (−iq)
]
+
+ fB1,1 (ω)
[
fAm,nA (ω) f
A
n,nA
(ω) + fA1,m (ω) f
A
1,n (ω)
]}}
. (55)
Therefore, introduing the previous result in eq. (56) and by using eq. (47) we an obtain
numerially the diret stati orrelation funtion
〈
SA
z
j,mS
Az
j+r,n
〉−〈SAzj,m〉 〈SAzj+r,n〉, and the results
are shown in Figs. 15 and 16.
In Fig. 15 we present the diret stati orrelation funtion as a funtion of r, at T = 0, for
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two values of the eld of the transverse eld, h = 0.693 and h = 0.75, and for J = 1, JA = 2,
JB = 3, hA = hB = h and nA = nB = 2, whih are the same set of parameters of Fig. 12. The
values of the ritial elds, for this set of parameters, are given in eq. (52) and the rst two values
are h1c ∼= 0.691 and h2c ∼= 1.096. As an be veried in Fig. 15, for these values of the eld, the
orrelation funtion presents an osillatory behaviour and its period inreases ( period → ∞) as
the eld aproahes a ritial value (h→ hc).
In Fig. 16 it is also presented the diret stati orrelation funtion for the same set of lattie
parameters of Fig. 15, for h = 1.091 and for h = 1.1. Although h = 1.091, whih lies in the region
of inreasing magnetization (see Fig. 11), and is very lose to the ritial eld h2c ∼= 1.096, the
osillatory behaviour is still present in the orrelation funtion. On the other hand, when h = 1.1,
whih lies in a plateaux of the magnetization (see also Fig. 11), there is no osillatory behaviour.
It means that the period of the osillation tends to innity, and this result is still valid for any
value of the eld in the plateaux. This is onsistent with the saling form and the analytial
ontinuation proposed for this orrelation funtion [15℄, where the orrelation length is assoiated
to the osillation period.
Although the diret orrelations
〈
SB
z
j,mS
Bz
j+r,n
〉− 〈SBzj,m〉 〈SBzj+r,n〉 and 〈SAzj,mSBzj+r,n〉− 〈SAzj,m〉 〈SBzj+r,n〉
are not presented, they are easily obtained from the shown results and exhibit qualitatively the
same behaviour as
〈
SA
z
j,mS
Az
j+r,n
〉−〈SAzj,m〉 〈SAzj+r,n〉. This is a onsequene of the fat that the
ritial elds are not dependent on the subell.
6 Conlusions
We have onsidered the XY (s = 1/2) model on the alternating one-dimensional superlattie
(losed hain), and an exat solution was obtained by using the Green funtion method. The exi-
tation spetrum was determined, and expliit expressions were obtained at arbitrary temperature
for the internal energy, the spei heat, the magnetization, the suseptibility, and the two-spin
stati orrelation funtion in the eld diretion.
The spei heat as a funtion of temperature, depending on the superlattie parameters, an
present a single or a double peak, and we have shown that, at T = 0, dC/dT is dierent from zero
provided there is a zero energy mode on the spetrum.
In the T = 0 limit, the behaviour of the system was studied as a funtion of the transverse eld
, and we have shown that the indued magnetization as a funtion of the eld presents, alternately,
regions of plateaus and of variable magnetization. Also in this temperature limit, the suseptibility
in the eld diretion, χzz , presents singularities whih are assoiated to phase transitions of seond
kind indued by the eld. These ritial points are onsequene of the presene of zero energy
modes with wave number 0 or pi. In passing, it should be noted that this ritial behaviuor, as
expeted, is suppresed at nite temperatures.
These transitions have been treated within the real spae renormalization group approah [16℄,
and its ritial exponents determined. The ritial exponents an be also obtained diretly from
the exat expression, as shown elsewhere [13℄.
The two-spin stati orrelation funtion in the eld diretion, as a funtion of the separation
between the spins, presents an osillating behaviour in the regions where the magnetization is
not onstant, and the period of osillations inreases as the eld approahes the ritial value,
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and diverges at h = hc. This behaviour onrms that the stati orrelation funtion satises the
analytial extension of the saling form proposed for the homogeneous ase [15℄.
Finally we would like to point out that the magnetization as a funtion of the eld has qualita-
tively the same behavior as those experimentally obtained for the NdCu2 in the low temperature
limit, and these results have been obtained reently by Ellerby et al. [17℄ and Loewenhaupt et al.
[18℄. The agreement is more remarkable in the very low temperature limit, sine in this limit the
struture is analogous to a superlattie. Although this material is desribed by a Heisenberg type
Hamiltonian, this result suggests that the lattie struture is a predominant fator in dening the
magneti properties of the material.
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9 Figure Captions
Fig. 1- Unit ell of the alternating superlattie.
Fig. 2- Exitation spetrum of the homogeneous lattie for nA = 2, nB = 3, J = JA =, JB = 1,
and hA = hB = h = 2.
Fig. 3- Exitation spetrum for nA = 2, nB = 3, J = 1, JA = 2, JB = 3, and hA = hB = 0.
Fig. 4- Exitation spetrum for nA = nB = 4, J = 1, JA = 0.3, JB = 3, and hA = hB = 0.
Fig. 5- Internal energy as a funtion of temperature (T ∗ ≡ kBT ) for nA = nB = 10, J = 1,
JA = 2, JB = 3, and hA = hB = 1.5.
Fig. 6- Spei heat as a funtion of temperature (T ∗ ≡ kBT ) for nA = nB = 10, J = 1, JA = 2,
JB = 3, and hA = hB = 1.5.
Fig. 7- Spei heat as a funtion of temperature (T ∗ ≡ kBT ) for nA = nB = 2, J = 1, JA = 2,
JB = 3, and hA = hB = 1.3.
Fig. 8- Spei heat as a funtion of temperature (T ∗ ≡ kBT ) for nA = nB = 2, J = 1, JA = 2,
JB = 3, and hA = hB = 1.75.
Fig. 9-The low temperature behaviour of the spei heat shown in Fig. 7 (T ∗ ≡ kBT ).
Fig. 10- The low temperature behaviour of the spei heat shown in Fig. 8 (T ∗ ≡ kBT ).
Fig. 11- (a) Average magnetization per subell A and B (dashed line), and per unit ell (on-
tinuous line) as a funtion of the eld, and (b) the suseptibility in the eld diretion also as a
funtion of the eld, for nA = nB = 2, J = 1, JA = 2, JB = 3, and hA = hB = h, at T = 0. The
ritial elds are h1c ∼= 0.691, h2c ∼= 1.096, h3c ∼= 1.5960 and h4c ∼= 1.809.
Fig. 12- Average magnetization per unit ell as a funtion of the eld, for nA = 2, nB = 3, J = 1,
JA = 2, JB = 3, and hA = hB = h, at T = 0.
Fig. 13- Average magnetization per unit ell as a funtion of the eld, for nA = nB = 4, J = 1,
JA = 2, JB = 3, and hA = 1.25hB = h, at T = 0.
Fig. 14- Average magnetization per unit ell as a funtion of the eld, for nA = nB = 4, J = 1,
JA = 2, JB = 3, and hA = hB = h, at nite temperature (βJ = 50).
Fig. 15- The diret stati orrelation funtion in the eld diretion, ρA
z
(r) ≡ 〈SAzj,2SAzj+r,2〉 −〈
SA
z
j,2
〉2
, as a funtion of the distane between ells, for nA = nB = 2, J = 1, JA = 2, JB = 3, and
hA = hB = h, at T = 0, for h = 0.75(a) and h = 0.693(b).
Fig. 16- The diret stati orrelation funtion in the eld diretion, ρA
z
(r) ≡ 〈SAzj,2SAzj+r,2〉 −〈
SA
z
j,2
〉2
, as a funtion of the distane between ells, for nA = nB = 2, J = 1, JA = 2, JB = 3, and
hA = hB = h, at T = 0, for h = 1.1(a) and h = 1.091(b).
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